Abstract: Let M be a closed smooth Riemannian manifold and let f : M → M be a di eomorphism. We show that if f has the C robustly asymptotic orbital shadowing property then it is an Anosov di eomorphism. Moreover, for a C generic di eomorphism f , if f has the asymptotic orbital shadowing property then it is a transitive Anosov di eomorphism. In particular, we apply our results to volume-preserving di eomorphisms.
Introduction
Let M be a closed smooth Riemannian manifold with dimM ≥ , and let Di (M) be the space of di eomorphisms of M endowed with the C topology. Denote by d the distance on M induced from a Riemannian metric · on the tangent bundle TM, let f ∈ Di (M). For any δ > , sequence of points {x i } i∈Z in M is called a δ-pseudo orbit of f if d(f (x i ), x i+ ) < δ for all i ∈ Z. For a closed f -invariant set Λ, we say that f has the shadowing property on Λ if for every ϵ > there is δ > such that for any δ-pseudo orbit {x i } i∈Z ⊂ Λ, there is a point y ∈ M such that d(f i (y), x i ) < ϵ for all i ∈ Z. If Λ = M then f has the shadowing property. The shadowing property is a very useful concept to investigate the hyperbolic structure (structurally stable, hyperbolic, and Anosov) of a di eomorphism. Robinson [34] and Sakai [37] proved that f belongs to the C interior of the set of all di eomorphisms having the shadowing property if and only if it is structurally stable. Pilyugin et al [32] introduced another type of shadowing property which is called the orbital shadowing property. We say that f has the orbital shadowing property if for any ϵ > there is δ > such that for any δ-pseudo orbit {x i } i∈Z there is a point y ∈ M such that Orb(y) ⊂ Bϵ({x i } i∈Z ) and {x i } i∈Z ⊂ Bϵ(Orb(y)),
where Orb(y) is the orbit of y. It is clear that if f has the shadowing property then it has the orbital shadowing property. However, the converse is not true (see [32] ). Pilyugin et al [32] proved that f belongs to the C interior of the set of all di eomorphisms having the orbital shadowing property if and only if it is structurally stable. Moreover, for various types of shadowing properties numerous results have been published in [9, 10, 25, 26, 37] . Let Λ be a closed f invariant set. We say that Λ is hyperbolic if the tangent bundle T Λ M has a Df -invariant splitting E s ⊕ E u and there exist constants C > and < λ < such that for all x ∈ Λ and n ≥ . If Λ = M, then f is called an Anosov di eomorphism. It is well known that if Λ is hyperbolic then f has the shadowing property on Λ, and so, f has the orbital shadowing property on Λ. For point x ∈ M, x is a non-wandering point if for any neighborhood U of x, there is n ∈ Z such that f n (U) ∩ U ≠ ∅. Ω(f ) denotes the set of all non-wandering points of f . It is clear
where P(f ) is the set of periodic points of f , and P(f ) is the closure of P(f ). We say that f satis es Axiom A if
is the omega limit set of x. If Λ = M then f is transitive. We say that f is chain transitive if for any δ > and x, y ∈ M, there is a δ-pseudo orbit {x i } n i= (n ≥ ) such that x = x and xn = y. It is clear that if f is transitive then it is also chain transitive. However, the converse is not true (see [11] ).
Recently, a remarkable shadowing property, called the limit shadowing property, was introduced by Eirola et al [12] . A sequence {x i } i∈Z is called a limit pseudo orbit (or, asymptotic 
We say that f has the limit shadowing property on Λ if for any limit pseudo
If Λ = M then we say that f has the limit shadowing property. Carvalho and Kwietniak [10] showed that if f has the limit shadowing property then it is transitive. Note that if f is transitive then it has neither sinks nor sources. A Morse-Smale di eomorphism has a sink and a source, and also the shadowing property, but it does not have the limit shadowing property. Carvalho [9] , and Carvalho and Kwietniak [10] proved that f belongs to the C interior of the set of all di eomorphisms having the limit shadowing property if and only if it is a transitive Anosov di eomorphism. From these results, we consider a type of shadowing property that is a generalized version of the limit shadowing property. Now, we introduce a general concept of the limit shadowing property that was de ned by Good and Meddaugh [13] .
De nition 1.1. Let f ∈ Di (M). We say that f has the asymptotic orbital shadowing property if for each asymptotic pseudo orbit {x
Pilyugin [33] introduced the orbital limit shadowing property that is a generalized version of the limit shadowing property. We say that f has the orbital limit shadowing property if for each asymptotic pseudo orbit {x i } i∈Z there is
where α(z) is the alpha limit set of z. If g : M → M being a continuous map on compact metric space M, Good and Meddaugh [13, Theorem 22] g has the asymptotic orbital shadowing property if and only if it has the orbital limit shadowing property. Base on this concept, we study the C perturbation of the asymptotic orbital shadowing property. We say that f has the C robustly asymptotic orbital shadowing property if there is a C neighborhood U(f ) of f such that for any g ∈ U(f ), g has the asymptotic orbital shadowing property. Then we have the following. In response to the problem, Ahn et al [2] proved that for a C generic f , if f has the shadowing property on a locally maximal homoclinic class then it is hyperbolic. Lee and Wen [20] proved that for a C generic f , if f has the shadowing property on a locally maximal chain transitive set then it is hyperbolic. Lee and Lee [19] proved that for a C generic f , if f has the shadowing property on a homoclinic class then it is hyperbolic, which is a general result of the previous results ( [2, 20] ). For the shadowing property, the problem is still open. About the problem, several authors consider various shadowing properties (average shadowing, asymptotic average shadowing, limit shadowing, etc) which are related with the shadowing property. Very recently, the remarkable result of this problem, Lee [29] proved that for C generic f of a two dimensional smooth manifold M, if f has the average shadowing property or the asymptotic average shadowing property then it is Anosov. However, the problem mentioned above, for any dimensional smooth manifold M, is still open for investigation. In this paper, we prove for another type of the shadowing property (see [26] ). Lee [22] proved that C generically, if f has the limit shadowing property on a homoclinic class then it is hyperbolic. Lee and Lu [21] proved that C generically, if f has the limit weak shadowing property on a transitive set then the transitive set is hyperbolic. Lee and et al [17] proved that C generically, if f has the limit weak shadowing property on the chain recurrent set then the chain recurrent set is hyperbolic. Carvalho [9] showed that for a C generic f , if f has the limit shadowing property then it is a transitive Anosov di eomorphism. Since the asymptotic orbital shadowing property is a general notion of the limit shadowing property, such as those results before, we will prove the following.
Theorem B For C generic f ∈ Di (M), f has the asymptotic orbital shadowing property if and only if it is transitive Anosov.
Carbalho [9, Corollary 2.3] showed that a transitive Anosov f has the limit shadowing property, and so, f also has the asymptotic orbital shadowing property. To prove Theorem B, we will show that for a C generic f , if f has the asymptotic orbital shadowing property then it is a transitive Anosov di eomorphism.
Proof of Theorem A
Let M be as before, and let f ∈ Di (M). A compact invariant set Λ is attracting if there is a neighborhood U of Λ such that f n (U) ⊂ U for all n ≥ and Λ = n≥ f n (U). An attractor of f is a transitive attracting set of f and a repeller is an attractor for f − . We say that Λ is a proper attractor
f is an attracting (repelling) orbit of f . The following was proved by Hirsh et al [16, Lemma 3.2] .
Lemma 2.1. Let f ∈ Di (M). f is chain transitive if and only if it does not contain a proper attractor.
We also recall that the Hausdoro distance between two compact subsets A and B of M is given by:
Lemma 2.2. If f has the asymptotic orbital shadowing property then it is chain transitive.

Proof. Suppose that there is a proper attractor
Now we construct an asymptotic pseudo orbit. For this, we consider two points a and b such that a ∈ Λ and b ∈ M \ U. Now we consider sequences
It is clear that the sequence {x i } i∈Z is an asymptotic pseudo orbit of f . If there are z ∈ M and N , N ∈ N such that f −N (z) ∈ B ϵ / (a) then according to the proper attracting property,
where
Then by the asymptotic orbital shadowing property, there exist z ∈ M and N , N ∈ N such Let p be a hyperbolic periodic point of f . We de ne the sets
Note that for any hyperbolic p, q 
The concept of the asymptotic orbital shadowing property can be rewritten as follows : a di eomorphism f has the asymptotic orbital shadowing property if for each asymptotic pseudo orbit {x i } i∈Z there is a point 
Lemma 2.3. If f has the asymptotic orbital shadowing property then for any hyperbolic periodic points p and q, we have
The other case is similar.
We say that f is Kupka-Smale if the periodic points of f are hyperbolic, and if p, q ∈ P(f ), then W s (p) is transversal to W u (q). We denote KS as the set of all Kupka-Smale di eomorphsms. It is well-known that the set of all Kupka-Smale di eomorphisms is C residual in Di (M) (see [35] ).
Proposition 2.4.
If f has the C robustly asymptotic orbital shadowing property then there is C neighborhood U(f ) such that for any g ∈ U(f ) and any hyperbolic p, q ∈ P(g) we have
where P(g) is the set of all periodic points of g.
Proof.
Let U(f ) be a C neighborhood of f . Suppose, by contradiction, that there are g ∈ U(f ) such that g has two periodic points p and q with index(p) ̸ = index(q). Then we know that dimW The following is called Franks' lemma [14] which is very useful in our proofs.
Lemma 2.5. Let U(f ) be any given C neighborhood of f . Then there exist ϵ > and a C neighborhood
U (f ) ⊂ U(f ) of f such that for given g ∈ U (f ), a nite set {x , x , · · · , x N }, a neighborhood U of {x , x , . . . , x N } and linear maps L i : Tx i M → T g(x i ) M satisfying L i − Dx i g ≤ ϵ for all ≤ i ≤ N, there exists g ∈ U(f ) such that g(x) = g(x) if x ∈ {x , x , · · · , x N } ∪ (M \ U) and Dx i g = L i for all ≤ i ≤ N.
Lemma 2.6. If a point p ∈ P(f ) is not hyperbolic then there is g C close to f such that g has two hyperbolic periodic points q, r ∈ P(g) with index(q) ̸ = index(r).
Proof. Suppose that p ∈ P(f ) is not hyperbolic. Then Dp f π(p) has eigenvalues whose modulus are 1, where π(p) is the period of p. Then by Lemma 2.5, there is g C close to f such that Dp g g π(pg) has only one eigenvalue
λ with |λ| = , where π(pg) is the period of pg . For simplicity, we may assume that g π(pg) (pg) = g(pg) = pg .
We denote E Finally, we consider λ ∈ C. We assume that g(p) = p. As in the previous case, by Lemma 2.5, there are
Then Lp g is a closed small arc such that (i)
and (iii) g k | Lp g is the identity map. As in the previous case, we consder two endpoints q, r ∈ Lp g . Then by Lemma 2.5, there is g C close to g such that g has two hyperbolic periodic points qg and rg with index(qg ) ̸ = index(rg ), where qg is the continuation of q and rg is the continuation of r.
We say that f satis es the star condition if there is a C neighborhood U(f ) of f such that for any g ∈ U(f ), each p ∈ P(g) is hyperbolic. F(M) denotes the set of all di eomorphisms satisfying the star condition. Hayashi [15] proved that if a di eomorphism f ∈ F(M) then f satis es Axiom A. We will show that if a di eomorphism f has the C robustly asymptotic orbital shadowing property then f satis es Axiom A.
Proposition 2.7. If f has the C robustly asymptotic orbital shadowing property then f ∈ F(M).
Proof. Suppose, by contradiction, that f ̸ ∈ F(M). Then there is g C close to f such that g has a nonhyperbolic periodic point p. By Lemma 2.6, there is h C close to g (h C close to f ) such that h has two hyperbolic periodic points q, r with index(q) ̸ = index(r). Since f has the C robustly asymptotic orbital shadowing property, by Proposition 2.4 this is a contradiction.
A di eomorphism f is robustly chain transitive if there is C neighborhood U(f ) of f such that for any g ∈ U(f ), g is chain transitive. Lee [27] proved that if a di eomorphism f is robustly chain transitive then f admits a weak hyperbolic, that is, a closed f -invariant set Λ admits a dominated splitting if the tangent bundle T Λ M has a Df -invariant splitting E ⊕ F and there exist constants C > and λ ∈ ( , ) such that
for all x ∈ Λ and n ≥ . It is clear that if a closed f -invariant set Λ ⊂ M is hyperbolic then it admits a dominated splitting for f .
Proof of Theorem A. Suppose that f has the C robustly asymptotic orbital shadowing property. Since f has the asymptotic orbital shadowing property then by Lemma 2.2 f is chain transitive. Since f has the C robustly asymptotic orbital shadowing property, f is robustly chain transitive. By Proposition 2.7, each periodic points of f is hyperbolic. By Proposition 2.4, the index of each periodic points of f is the same. Thus by [27, Theorem
Proof of Theorem B
In this section, we show that for a C generic f , if a di eomorphism f has the asymptotic orbital shadowing property then it satis es Axiom A. If f is chain transitive, then it contains the recurrence set R(f ), and so, R(f ) = M. Since f satis es Axiom A, it is well known that f is Anosov.
Lemma 3.1.
There is a residual set G ⊂ Di (M) such that for any f ∈ G , and if f has the asymptotic orbital shadowing property then index(p) = index(q), for any points p, q ∈ P(f ).
Proof. Let f ∈ G = KS have the asymptotic orbital shadowing property. Since f is Kupka-Smale, each periodic points of f is hyperbolic. Suppose, by contradiction, that index(p) ̸ = index(q). Then dimW
Since f has the asymptotic orbital shadowing property, by Lemma 2.3,
This is a contradiction. Thus index(p) = index(q).
Lemma 3.2. [30, Lemma 2.2]
There is a residual set G ⊂ Di (M) such that for any f ∈ G , and if for any C neighborhood U(f ) of f there is g ∈ U(f ) such that g has two periodic points p and q with index(p) ̸ = index(q) then f has two periodic points p f and q f with index(p f ) ̸ = index(q f )
For any δ > , we say that a hyperbolic p ∈ P(f ) has a δ weak eigenvalue if there is an eigenvalue λ of Dp f
where π(p) is the period of p.
Lemma 3.3.
There is a residual set G ⊂ Di (M) such that for any f ∈ G , if f has the asymptotic orbital shadowing property then there is δ > such that for any p ∈ P(f ), p does not have a δ weak eigenvalue.
Proof. Let f ∈ G = G ∩ G have the asymptotic orbital shadowing property. Suppose that for any δ > there is p ∈ P(f ) such that p has a δ weak eigenvalue. Then there is g C close to f such that Dp g g π(pg) has an eigenvalue λ with |λ| = . By Lemma 2.6, there is g C close to g( g C close to f ) such that g has two hyperbolic periodic points q, r with index(q) ̸ = index(r). By Lemma 3.2 f has two periodic points q f and r f with index(q f ) ̸ = index(r f ). This is a contradiction since f ∈ G and f has the asymptotic orbital shadowing property.
Lemma 3.4. [3, Lemma 5.1]
There is a residual set G ⊂ Di (M) such that for any f ∈ G , for any δ > and any C neighborhood U(f ) of f , if there is g ∈ U(f ) and a hyperbolic p ∈ P(g) such that p has a δ weak eigenvalue then there is a hyperbolic p f ∈ P(f ) with a δ weak eigenvalue.
Proposition 3.5.
There is a residual set G ⊂ Di (M) such that for any f ∈ G , if f has the asymptotic orbital shadowing property then f ∈ F(M).
Proof. Let f ∈ G = G ∩ G have the asymptotic orbital shadowing property. Suppose, by contradiction, that f ̸ ∈ F(M). Then there is g C close to f such that g has a nonhyperbolic periodic point p. By Lemma 2.5, there is g C close to g such that g has the nonhyperbolic periodic point pg has a δ/ weak eigenvalue. By Lemma 3.4, there is a hyperbolic p f ∈ P(f ) such that p f has a δ weak eigenvalue. This is a contradiction by Lemma 3.3.
Lemma 3.6. [11, Theorem 7] There is a residual set G ⊂ Di (M) such that for any f ∈ G , f is chain transitive if and only if f is transitive.
Proof of Theorem B. Let f ∈ G ∩ G have the asymptotic orbital shadowing property. Then by Proposition 3.5, f ∈ F(M). Thus the nonwandering set
Thus f is transitive Anosov.
Volume preserving di eomorphisms
In this section, we consider volume preserving di eomorphisms. In fact, we apply the results of di eomorphisms. Let M be a closed smooth Riemannian manifold with dimM ≥ and let Di µ(M) denote the set of volume-preserving di eomorphisms de ned on M that preserve the Lebesgue measure µ induced by the Riemannian metric (see [31] ). We consider this space endowed with the C Whitney topology. In the volume preserving case, if a volume preserving di eomorphism f satis es Axiom A, then by the Poincaré recurrence theorem, we have Ω(f ) = M. Thus if f satis es Axiom A then f is an Anosov di eomorphism. Bessa [5] proved that if a volume preserving di eomorphism f belongs to the C interior of the set of volume preserving di eomorphisms having the shadowing property then it is Anosov. Lee and Lee [18] proved that if a volume preserving di eomorphism f belongs to the C interior of the set of volume preserving di eomorphisms the orbital shadowing property then it is an Anosov di eomorphism. Lee [24] proved that if a volume preserving di eomorphism f of a compact smooth two dimension manifold has the C robustly weak and limit weak shadowing property then it is Ansov. Lee [28] proved that if a volume preserving di eomorphism f has the C robustly limit shadowing property then it is an Anosov di emorphism. From these results, we have the following.
Theorem C If f ∈ Di µ(M) has the C robustly asymptotic orbital shadowing property then f is Anosov.
In dimM = , a C generic volume preserving di eomorphism f has a chaotic phenomenona, that is, it has a homoclinic tangency, which is related to Smale's conjecture (see [6] ). Therefore, we assume that dimM ≥ . Bessa et al [6] proved that if a C generic volume preserving di eomorphism f has the shadowing property then it is a transitive Anosov di eomorphism. Lee [23] proved that if a C generic volume preserving di eomorphism f has the orbital shadowing property then it is an Anosov di eomorphism. Lee [28] proved that if a C generic volume preserving di eomorphism f has the limit shadowing property then it is a transitive Anosov di eomorphism. From these results, we have the following. (M) such that for any f ∈ R , and any C neighborhood U(f ) if there is g ∈ U(f ) such that g has two points q, r ∈ P(g) with index(q) ̸ = index(r) then f has two points q f , r f ∈ P(f ) with index(q f ) ̸ = index(r f ).
Lemma 4.7.
There is a residual set R ⊂ Di µ(M) such that for any f ∈ R , and if f has the asymptotic orbital shadowing property then there is δ > such that for any p ∈ P(f ), p does not have a δ weak eigenvalue.
Proof. Let f ∈ R = R ∩R have the asymptotic orbital shadowing property. Suppose that for any δ > , there is p ∈ P(f ) such that p has a δ weak eigenvalue. As in the proof of Lemma 3.3, we can derive a contradiction. Thus for any p ∈ P(f ), p does not have a δ weak eigenvalue.
Lemma 4.8. [6, Lemma 2.8] There is a residual set R ⊂ Di µ(M) such that for any f ∈ R , for any δ > and any C neighborhood U(f ) of f , if there is g ∈ U(f ) and a hyperbolic p ∈ P(g) such that p has a δ weak eigenvalue then there is a hyperbolic p f ∈ P(f ) with a δ weak eigenvalue. Proof. Let f ∈ R = R ∩ R have the asymptotic orbital shadowing property. Suppose that f ̸ ∈ Fµ(M). Then there is g C close to f such that g has a nonhyperbolic periodic point p. By Lemma 4.2, there is g C close to g( g C close to f ) such that g has a hyperbolic pg ∈ P(g ) that has a δ/ weak eigenvalue. Since f ∈ R , p f has a δ weak eigenvalue. This is a contradiction by Lemma 4.7. Thus if f ∈ R has the asymptotic orbital shadowing property, for any p ∈ P(f ), p is hyperbolic. 
